11.7.2Asset Driven by a Brownian Motion
and a Compound
Poisson Process
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Theorem 11.7.5. For 0 <t < T, the risk-neutral price of a call,

V(t) = E[eT-(S(T) - K)T|F ()],
is given by V(t) = c(t,S(t)), where
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(11.7.28)

PROOF: Let t € [0,T) be given and define 7 = T — t. From (11.7.28), we see

that

1 o

S(T) = S(t)exp {o(W(T) - W(t)) + (r — BA - 50%)7)

i=N(t)+1

I[[ vi+1).

(11.7.31)

The term S(t) is F(t)-measurable, and the other term appearing on the right-
hand side of (11.7.31) is independent of F(t). Therefore, the Independence

Lemma, Lemma 2.3.4, implies that

V(t) = E[e ™ (S(T) - K)T|F(t)] = c(t, S(2)),

Lemma 2.3.4 (Independence). Let (2, F,P) be a probability space, and
let G be a sub-o-algebra of F. Suppose the random variables X,
, YL are independent of G. Let

G-measurable and the random wvariables Y, ...

flz1,---, TH YLy ery yL) be a function of the dummy variables x,
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Tx and
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V(t) = E[e ™ (S(T) - K)T|F(t)] = c(t, S(t)),

c(t, x)
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(11.7.31)
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where YV = —

is a standard normal random variable under P

W(T) —W(t)~N(0,T —t)




V(t) = E[e ™ (S(T) - K)T|F(t)] = c(t, S(t)),
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measurable and Y is independent of o H:;‘;E”H(Yi + 1)), we may use the

Independence Lemma, Lemma 2.3.4, again to obtain

N(T . N(T
Because [Tty (Y; +1) is o T ;N%mm +1))-

E|e™ |ze exp { —oVTY + (T — *I-UE)T} Lemma 2.3.4 (Independence). Let (12, F,P) be a probability space, and
2 let G be a sub-o-algebra of F. Suppose the random variables X1,...,Xg are
+ G-measurable and the random vartables Yy, ..., Y. are independent of G. Let
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c(t,z) =Ex [r,ze”P" J[ (Yi+1|. (11.7.32)
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To see that (11.7.32) agrees with (11.7.30), we note that conditioned on
N(T)— N(t) = j, the random variable Hﬂ;h}ﬁ(}’,ﬁ + 1) has the same dis-
tribution as H::;l(Y,r + 1). Furthermore,

c MNgi

P{N(T) - N(t)=j} =e " T

Let 0 < s <t be given. According to Theorem 11.2.3, the Poisson increment
N(t) — N(s) has distribution

P{N(t)— N(s) =k} = we—*“—”, k=01,.... (11.2.8)




Remark 11.7.6 (Continuous jump distribution). Suppose the jump sizes Y;
have a density f(y) rather than a probability mass function p(y;),...,2(¥Um),
and this density is strictly positive on a set B C (—1, 00) and zero elsewhere.
In this case, we replace (11.7.17) by the formula

B = EY; =fl yf(y)dy.

For the risk-neutral measure, we can choose 8, A > 0 and any density f(y)
that is strictly positive on B and zero elsewhere so that the market price of

risk equation (see (11.7.26))
a—r=00+FA—FA

is satisfied, where now

B=Eﬁ=f1 yf(y) dy.

Define
(ym) = 2
P\Ym) = )
The random variables Y7, Y5,... are independent and identically distributed,
with P{Y; = ym} = p(¥m)- These assertions all follow from Theorem 11.3.3.
Set
M ] M
—EY, = = =N Ay, 11.7.17
f=EY, gymp(ym) X mz=1 y (11.7.17)




We return to the model with discrete jump sizes. The following theorem
provides the differential-difference equation satisfied by the call price.

Theorem 11.7.7. The call price c(t,z) of (11.7.30) satisfies the equation
~~ 1
—re(t,x) + ci(t,z) + (r — BA)zez(t, x) + Eazmzcn(t,m)

M
+E[Z 3(ym)c(t, (ym + 1)z) —c(t,2)| =0, 0< t < T, z> 0, (11.7.33)
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and the terminal condition

o(T,z) = (z— K)*, 2> 0.
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PROOF: From (11.7.27), we see that the continuous part of the stock price
satisfies dS°(t) = (r — BA\)S(t) dt + o S(t) dW (t). Therefore, the It6-Doeblin
formula implies

e~rte(t, S(t)) — ¢(0,5(0))
-/ e[ = rofu, S(u)) + ecfu, S)) + (r — AR)S(W)ea (u, S(w)
0

+so 5% (u)coz(u, S {’Ur))] du + / | e "o S(u)cy(u, S(u)) dW (u)
2 0
+ 3 e [e(u, S(u)) — c(u, S(u-))]. (11.7.34)
O<u<t

dS(t) = rS(t)dt + aS(t)dW (t) + S(t =)d(Q(¢) — ft)
= (r — f21)S(t)dt + aS(t)dW (t) + S(t —)dQ(¢)
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0

+10252(u)cm(u,5(u))] du + / | e~ S(u)c (u, S(u)) dW (u)
2 0
+ 3 e [c(u, S(u) — c(u, S(u-))). (11.7.34)

O<u<t

Tl_'leo?em 11.5.4 (Two-dimensional I.tﬁ-Doeblin formula for processes ASC( t ) x ( Y- ﬁK )S(t)dtf GS(t ) d\:()(t)

with jumps). Let X;(t) and X5(t) be jump processes, and let f(t,xz,,x2) be
a function whose first and second partial derivatives appearing in the following

formula are defined and are continuous. Then ds((t)ds((t) i 6182&')(“'/
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+ ]0 o (5, X2(9), Xa(5)) dXE(5) + fo—f.—eﬁxcrer-»—%»% £(0,Xi(0) =C(0.5(0))
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+ Z [f (s, X1(s), X2(5)) = (5, X1(s—), X2(s-))].

0<s<t




We examine the last term in (11.7.34). If » is a jump time of the mth
Poisson process N,,, the stock price satisfies S(u) = (ym+1)S(u—). Therefore,

Z e TU [c{u.,S{u)) — c(u, S{u—))]

D<u<t

= Z S e [e(u, (Ym + 1)S(u—)) — c(u, S(u—))] AN (1)

m=10<u<t
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Substituting this into (11.7.34) and taking differentials, we obtain
d(e " c(t, S(t)))
= e7m{ = relt, S(t)) +ee(t, S(t)) + (r — BN)S(t)ea(t, (1))

4 %gﬁsz(s)cn(s, S(t))

M
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m=1

+e "taS(t)ca(t, S(t)) dW (t)

martingale

M
+ ) e elt, (ym +1)S(t—)) — c(t, S(t—))] d(Nn (t) — Amt

m=1

e_rtc(t& S(t)) - C(Oa S(O))
-/ e[ = reun, S(u)) + eclu, S(w) + (r ~ BR)S (wles(w, S(w)
0
42078 (were (0, 5(u))| du + j e~ oS (u)ea (u, S(u)) dW ()
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+ 3 e [e(u, S(u)) — c(u, S(u-))). (11.7.34)

o<u<t

lasb;c termin (11.7.34)

=y fo ™™ e, (ym +1)S(u=)) — c(u, S(u=))] d(Nom (u) — Amu)
m=1
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The integrators Ny, (f) — Azt in the last term are martingales under PP, and the
integrands e~ "[c(t, (Ym + 1)S(t—)) — c(t, S(t—))] are left-continuous. There-
fore, the integral of this term is a_martingale. Likewise, the integral of the
next-to-last term e "tc.(t, S(t)) dW(t) is a martingale. Since the discounted

option price appearing on the left-hand side of (11.7.35) is also a martingale, | martingale;4 7 drift term
the remaining term in (11.7.35) is a martingale as well. Because the remaining

term is a dt term, it must be zero. Replacing the price process S(t) by the

dummy variable z in the integrand of this term, we obtain (11

.7.33). O

Theorem 11.4.5. Assume that the jump process X (s) of (11.4.1)-(11.4.3) is

a martingale, the integrand @(s) is left-continuous and adapied, and

t
]E/ I'%(5)®?(s) ds < 0o for all t > 0.
0

Then the stochastic integral fot @(s) dX(s) is also a martingale.

- 1
—re(t,z) + c(t,z) + (r — BA)ze(t, z) + 502:.-:20;;;(#@)

M
+5\[Z;5(ym)c(t,(ym +1)z) —et,z)] =0, 0<t< T,z >0, (11.7.33)

m=1]1
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